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Let G be a finite group and B be a p-block of G with an abelian defect group and 
inertial index e. If  e = 2, then the number of irreducible Brauer characters in B is 2. 
I f  p # 2 and e = 3, then the number of irreducible Brauer characters in B is 3. The 
number of irreducible ordinary characters in B is also determined in both cases, 
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1. INTRODUCTION 
Let G be a finite group and p a fixed prime number. Let B be a p-block 
of G with a defect group D. Let 1(B) be the number of irreducible Brauer 
characters in B and k(B) the number of irreducible ordinary characters in 
B. It is a major problem in modular representation theory to determine the 
structure of B (in particular, I(B) and k(B)) when D is given. In case D is 
abelian with inertial index 1 the structure of B was studied by Brauer 
((6G), (6H) [2]) and Broue and Puig [6]. Precisely I(B)= 1 and 
k(B) = IDI and there is an isometry from the ring of generalized characters 
of D onto the group of generalized characters of G in B. 
In this paper we deal with the case where D is abelian and the inertial 
index e is 2 or 3. The main results are as follows. If e = 2, then I(B) = 2 and 
if e=3 and p#2, then I(B)=3. Let b be a root of B, set E= 
N,(D, b)/C,(D) and denote by D M E, the semidirect product of D and E 
with the evident operation of E on D. We also show that there is an 
isometry from the ring of generalized characters of D >a E onto the group 
of generalized characters of G in B and therefore we determine k(B) at the 
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same time in both cases. In fact Puig suggested revisting the author’s 
original manuscript applying his new isometry method (Theorem 1.3). 
Consequently the original results are slightly improved and the proof for 
the case e = 3 becomes far shorter and more lucid. 
We note that when G is p-solvable, or B is principal, or 1 [O, E] 1 < p2, 
Watanabe already determined l(B), k(B) and some generalized decom- 
position numbers (cf. Cor. in [13], Theorems 1 and 2 in [12]). We also 
note that when D is a normal subgroup of G, I(B), k(B), some generalized 
decomposition numbers and the relation in (iii) in the main theorem were 
known. 
Before we state the details we introduce some definitions and notations. 
The proof in this paper depends on the results in [ 1,6,7] and therefore we 
expect the readers to have some familiarity with these paper. 
Let K be the algebraic closure of the p-adic number field, 0 the valuation 
ring of K, 9 the maximal ideal of 0, and k the residual field of 0. Let Q be 
the rational numbers and Z the rational integers. For a subgroup H of G 
we denote by Irr(H) the set of all irreducible characters of H. A block B of 
G means a centrally primitive idempotent of kG, so that (1, B) is a Brauer 
pair. For a block B of G we denote by Irr(B) the set of all irreducible 
characters of G in B (in fi, strictly speaking, where fi is the unique centrally 
primitive idempotent of COG lifted up from B). Let (D, 6) be a maximal 
B-Brauer pair (i.e., a maximal Brauer pair containing (1, B)). Then D is a 
defect group of B. We assume that D is abelian. Note that [El = e is the 
inertial index of B and it is prime to p. Set D, = C,(E) and D, = [D, E]. 
Then D = D, x D2 by Theorem 2.3 in [ 10, Chap. 51. Denote respectively by 
T,(D x E), r,( D >a E, Dl ), and r,( G, B), the ring of generalized charac- 
ters of D x E, the ideal of generalized characters of D M E vanishing out- 
side of D -D,, and the group of generalized characters of G in B. 
If (Q, f) is a B-Brauer pair, there is x E G such that (Q, f)” c (D, b) (cf. 
Theorem 3.10 [ 11). 
DEFINITION 1.1. For any q E r,( D )(I E) and any B-Brauer pair (Q, f) 
such that (Q, f)” c (D, b) for some x E G, we define a generalized character 
‘I~~,,, of Q mapping UE Q on I. (In Section 2 we will show that qca,/, is 
well-defined in the sense that it does not depend on the choice of x.) 
By definition ~(o,~,(u) = v(~,~)~(u”) for any UE Q and any y E G. 
The key point to construct the isometry is the existence of a sign .s(Q, f) 
satisfying ( 1.1) for any B-Brauer pair (Q, f) such that (Q, f)” c (D, 6) and 
Qx d D, for some x E G. 
PROPOSITION 1.2. Suppose p # 2 and D2 x E is a Frobenius group. Let 
(Q, f) be a B-Brauer pair and for some x E G suppose (Q, f )” c (D, 6) and 
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Q” a? D, . Then Qx d D, does not depend on the choice of x and f is a block 
with abelian defect group D”-’ and inertial index 1. Let Qce,r, be the unique 
irreducible Brauer character in f Then there is E( Q, f) E { 1, - 1 } such that 
IG(QW”-‘I EE(Q f)icG(D):Di & 0 
hQ,fdl) ' &(D,b)( 1) 
(mod W, (1.1) 
and this does not depend on the choice of x. 
We will write 4~ g), v(~,~), G$~,~) instead of G(U), g), v(+),~), $(cuj,g)9 
respectively. 
THEOREM 1.3. Let B be a p-block of a finite group G with an abelian 
defect group D and b a root of B in Co(D). Set No (D, b)/C, (D) = E, 
D, = C,(E), and D, = [E, D]. Suppose p # 2 and D, XI E is a Frobenius 
group. For any n~rk(D x E, Dl), define the class function A(n) on G by 
the formula 
where u is a p-element in G, s is a PI-element in C,(u), and g runs over the 
set of blocks of Co(u) such that (u, g) is a B-Brauer element satisfying 
(u, g)” E (D, b) and ux # D, for some x E G. When there exists no such g, we 
mean that the right-hand side is 0. Then the following hold. 
(i) The class function A(n) is a generalized character of G in B for 
any n E fK(D x1 E, 0,). 
(ii) The Z-linear map A: T,(D >Q E, DI) + T,(G, B) is an isometry. 
Let (u, g) be a B-Brauer element. For any O-valued class function x on G 
we denote by ~‘“3 g, the class function on G which vanishes outside of the 
p-section of u and satisfies 
x’“,g’( us) = x( 224s) for any p’-element s in C,(U), 
where g is the unique centrally primitive idempotent of OC,(u) lifted up 
from g. This class function has already been constructed by Brauer [3, 
p. 8961. 
We say that an O-valued class function v on D is (G, b)-stable, if 
whenever (u, g) E (D, 6) and (v, f) E (D, b) are G-conjugate, then 
v(u) = v(v) (see Definition 2.5 [7]). If v is a (G, b)-stable class function on 
D, we denote by x * v the class function on G defined by 
x * v= c v(u) xCuyg), 
(U*g)Ea 
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where 9 is a complete set of representatives of G-conjugacy classes of 
B-Brauer elements such that any (u, g) in 9 belongs to (D, b). Notice that 
x * v does not depend on the choice of 9. We note that a linear character 2 
of D, is (G, b)-stable as a character of D. (We will show this fact in 
Section 2.) 
MAIN THEOREM. Let B be a p-block of a finite group G with an abelian 
defect group D and b a root of B in Co(D). Set No (D, b)/C, (D) = E, 
D,=C,(E), andD,=[E,D]. ZfIEI=2 or 3 (i.e., the inertial index of B is 
2 or 3) and p # 2, there is an isometry A’ from the ring of generalized 
characters of D M E onto the group of generalized characters of G in B, 
which extends A in Theorem 1.3. Furthermore, setting F= D, M E and 
denoting by xc the irreducible character in B determined by A’(c) for any 
c E Irr(F), we have 
A’(@) = E~X< * 1 and A’(@) = .q * I 
for any 5 E Irr(E), any c E Irr(F) - Irr(E) and any 1 E Irr(D,), with suitable 
signs E and {E~}~.~~~(~,. In particular, 
(i) Irr(B)= {xc * 11 i~Irr(F), 1~Irr(D,)}. 
(ii) Z(B)=IEl and k(B)=k(DME)=k(F)ID,I, where k(D>aE) 
(resp. k(F)) is the number of irreducible ordinary characters of D >a E 
(resp. F). 
(iii) yJ1sB) = E &E,rr(E) E~xI;~*~) for any [E Irr(F) - Irr(E). 
2. PRELIMINARIES 
In this section we list some general known results and preliminary 
lemmas. First of all we state a general property of a major B-Brauer 
element (u, g), 
1’“’ q u) 
IG:G(u)l xt1I -= IN,(D, b):N,(D, b)n C,(u)1 & 0 (mod 9) (2.1) 
and in particular, 
p”‘(u) # 0 (2.2) 
for any x E Irr(B) (Brauer, (4B) and (4C) [3]). The following statement is 
an important property of a block with abelian defect groups. 
PROPOSITION 2.1 (Alperin and Brout, Proposition 4.21 [ 11). Let (D, b) 
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be a maximal B-Brauer pair and assume that D is abelian. Then whenever 
(Q, f) and (Q, f) ‘, x E G, are B-Brauer pairs contained in (D, b), there exist 
z~ca(Q) and yEiV,(D, b) with xkzy. 
LEMMA 2.2. Let (D, b) be a maximal B-Brauer pair of G and assume 
that D is abelian. Set 
9- = u (u, b”G’“‘), 
where u runs over a complete set of representatives of E-conjugacy classes of 
D. Then F is a complete set of representatives of G-conjugacy classes of 
B-Brauer elements. 
Prooj: Note that a complete set of representatives of G-conjugacy 
classes of B-Brauer elements can be found among B-Brauer elements 
contained in (D, b). Also note that if an element u in D is given, then a 
block g of C,(u) such that (u, g) E (D, b) is uniquely determined 
(precisely, g = bcG’“’ ) (Theorem 3.4 [ 11). Then the result follows from 
Proposition 2.1. 1 
When D is abelian we have by (60) [4] and Lemma 2.2 
k(B) = l(B) + c l(b=“‘“‘) + c l(b=“‘““), 
UED,-{l} u’ 
(2.3) 
where u’ runs over a complete set of representatives of E-conjugacy classes 
of D-D,. 
If the B-Brauer pairs (Q, f )” and (Q, f )’ are contained in (D, b), then by 
Proposition 2.1, x ~ ‘y = zn for some z E C&Q”) and n E N,(D, b). Hence 
uy = (u~)‘~ = (z?)~ for any u E Q, and therefore ux and UY (resp. Qx and QY) 
are conjugate in D>a E. Then ~(u”)=~(uy) in Definition 1.1 and ~(o,~, is 
well defined (i.e., it does not depend on the choice of x). At the same time 
the condition that Qx cr? D, in Proposition 1.2 does not depend on the 
choice of x, since 0; = D, . Moreover, E(Q, f) in (1.1) does not depend on 
the choice of x, since IC,(Q):D”-‘1 = IC,(Q”):Dl = IC,(QXn):D’I = 
IC,(Q’):Dl = IC,(Q):D+I. 
If 2 is a linear character of D,, then, as a linear character of D, A is 
(G, b)-stable by the same argument as above. 
In the following theorem and proposition, we do not assume that D is 
abelian. The following Broue and Puig’s theorem is essential. In a word, 
the result of this paper is an application of this theorem. 
THEOREM 2.3 (Broui and Puig, [7]). Let (D, b) be a maximal B- 
Brauer pair. Let v be a (G, b)-stable generalized character of D and x a 
481/119/1-Y 
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generalized character of G in B. Then x * v is a generalized character of 
G in B. 
PROPOSITION 2.4 (Brout, (C) [S]). Let (u, g) he a B-Brauer element 
and x an O-generalized character of G in B. Then 
x(&) = $1) 
~31) B(1) 
(mod W, 
where 8( 1) (resp. $( 1)) is the coefficient of 8 (resp. g) on 1 when expressed 
on the natural basis of OG (resp. W,(u)). Furthermore, 
41) -go 
B(l) (mod 91, 
if x is an irreducible character with height zero. 
3. A PROOF OF PROPOSITION 1.2 
Throughout the rest of this paper we assume that D is abelian, D, x E is 
a Frobenius group, and p # 2. In this section let (Q, f) be a fixed B-Brauer 
pair such that fpr some x E G, , (Q, f )” c (D, 6) and Qx c? D,. Then 
C,(Q) n yo(D”- , b”- ) = C,(D”- ) and f is a block with abelian defect 
group D”- and ineartial index 1. Hence we can use the results in [6] for 
the p-nilpotent block f of C,(Q). 
LEMMA 3.1 (cf. Theorem 1.2(5) and its remark in [6]). There exists an 
irreducible character lo of C,(Q) in f such that, for any f-Brauer element 
(u, g) in C,(Q) and any p’-element s in C,(Q) n C,(u) we have 
lPg’(us) = ~(,,,)(U~ g) &7,&?)(S)> (3.1) 
where Ate,/, (u, g)E { -1, 11, R= Q(u), and 4(R,gj denotes the unique 
irreducible Brauer character of C,(Q) n C,(u) ( = Co(R)) in g. Moreover 
[,, has height zero. 
LEMMA 3.2. Let (u, g) be an $Brauer element in C,(Q) and set 
R = Q (u ). Choose x E G such that (Q, f )” c (R, g)” c (D, b). Then, with the 
notation of Lemma 3.1, 
IG(QW”-‘I 
4Q.f) (1) 
E Ace /)(u, g) IcG(R)iD”-‘I & 0 
hz,?J(l) 
(mod 9). (3.2) 
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Proof By (3.12) in [6] for the p-nilpotent blocks f of C,(Q) and g of 





i(l)= 4TR,g,W IC,(R):D”-‘I’ 
Put these values into (2.4), where we set &, in place of x. Then the result 
follows from (3.1) and Proposition 2.4, since 
4(Q,f,(l)=Ml) 
by (3.11) in [6]. 1 
LEMMA 3.3. Proposition 1.2 holds and with the notation of Lemma 3.2, 
QR, g) = 4Q, f) 4Q.r,(u, R). (3.3) 
Proof Let (u, h) be a g-Brauer element in C,(R) and set S= R(u). 
Choose x E G so that (S, h)” c (D, b). Then by (3.2) 
IWQW”-‘I 
6Q.d') 
~ 2(Q r,(U, g) ICG(R):D”-‘l 
bdl) 
Then by induction, Proposition 1.2 and (3.3) hold. (Since the value in the 
left-hand side in (1.1) is not zero mod B and p # 2, z(Q, f) does not 
depend on the choice of a series of B-Brauer pairs between (Q, f)” and 
(D, b) and therefore it is uniquely determined.) 1 
We remark that s(Q, f) = .s(QY, fy) for any y E G. 
4. MAIN PART OF THE PROOF OF THEOREM 1.3(i) 
Let (Q, f) be a B-Brauer pair. We denote by Q(Q,/) the unique 
irreducible Brauer character in f, if (Q, f)” c (0, b) and Qx t D, for some 
XEG. We also set dcQ,f,= 0 = E(Q, f), if (Q, f)” c (D, b) and Q” c D, for 
some x E G. 
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For any B-Brauer pair (Q, f), we consider the class function on C,(Q) 
defined by the formula 
where u is a p-element in CG (Q), R = Q( u ), s is a $-element in CG (R), 
and g runs over the set of blocks of C,(R) such that (Q, f) c (R, g). If 
there is no such g, we mean that the right-hand side of (4.1) is zero. (It is 
easy to prove that this is a class function on C,(Q).) Clearly 
A(l,B)(U) = A(v). 
We prove Theorem 1.3(i) by induction on JG/. First we sketch an outline. 
Step I. We prove that d,,,,(q) is a generalized character of C,(Q) if 
Q # 1. Suppose (Q, f)” c (D, b) for some x E G. We distinguish three cases: 
Case 1. QX & Dr. 
Case 2. QX c D, and C,(Q) # G. 
Case 3. Qx t D, and C,(Q) = G. (We can choose x= 1 in this case.) 
Since we need some preliminary results to prove Case 3, we prove this case 
in the next section. 
Step II. We prove that d(q) is a (0 n Q)-generalized character. 
Step III. We prove that JGl,, d(q) is a linear combination of irreducible 
characters in B and that its coefficients are algebraic integers, where lG1, 
means the p-part of IGJ. 
Conclusion. Now we know that d(q) is a linear combination of 
irreducible characters in B and each coefficient is in 0 n Q by Steps II and 
III. Let /I/u be one of the coefficients, where CI and /I are mutually prime 
rational integers and CI is also prime to p. Since ~G~,(/?/Lx)E Q n (the 
algebraic integers) = 2, we obtain a = 1. 
LEMMA 4.1. In Case 1, A,,,,,(q) is a generalized character of C,(Q). 
Proof: In this case we can use the results of Section 3. By the 
assumption on Q, we remark that 
NG(DX-‘, b”-‘) n C,(Q) = C, (D”-I). 
Let %! be a complete set of representatives of C,(Q)-conjugacy classes of 
p-elements in C,(Q). Then we also remark that the set 
{f-Brauerelements (u, g)in C,(Q)(UE%?) 
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is a complete set of representatives of C,(Q)-conjugacy classes of f-Brauer 
elements in C,(Q), and so is 
W= {f-Brauer elements (u, g) in C,(Q)I(u, g)o(D,b)x-‘} 
by Proposition 2.1 and the first remark. 
First we have by (3.1) and (3.3) 
where u is a p-element in CG (Q), R = Q(u), s is a @-element in CG (R), 
and g runs over the set of blocks of C,(R) such that (Q, f) c (R, g). 
Hence 
where g runs over the set of blocks of C,(R) such that (1, f) c ( (u ), g) in 
C,(Q). Then by the second remark and the fact that ~(R,gv(~Y) = v(~,~)(u) 
for any Y E G(Q), 
A,Q,f,(?) = 1 4Q,f) ?(Q<u>,&) cpg) 
(U.&T)E9 
= ( ; 1 4Q, f) 6’(4 CPg). 
“3 -5 
Clearly E( Q, f) q”- ’ is a generalized character of D”-‘, since ‘1 E rK(D x E). 
It is also (C,(Q), b”-‘)-stable. Indeed if both of the f-Brauer elements (u, h) 
and (u, h)Y in C,(Q) are contained in (D”-‘, b”-‘) with ye C,(Q), then by 
Proposition 2.1 and the remarks u = uy. Hence by definition 
A(Q,,)(?) = io * (GQ, f) ‘lx-‘), 
and this is a generalized character of C,(Q) by Theorem 2.3. 1 
LEMMA 4.2. In Case 2, A,,,/,(q) is a generalized character of C,(Q). 
Proof. By the assumption on Q we have 
N, (ZF’, b”-‘1 c G(Q) 
and 
q”-’ E rK(Dx-’ )(I 6, of-‘). 
Suppose (Q, f) c (R, g) with R = Q(u) for a p-element u in CG (Q). We 
remark that E(R, g) defined in G is equal to E(U, g) defined in CG (Q) (cf. 
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). Then A,e,f,(q) delined in G as a class function of C,(Q) is equal to 
-,(r]“-‘) defined in C,(Q) as a class function of C,(Q). Applying 
induction to C,(Q), the result follows. 1 
(l-1) 
Au./ 
For Steps II, III we now recall the definitions of Brout’s maps d”TG and 
e”, G for a p-element u [6, p. 1211. We denote by ZF(G, LO) the O-algebra of 
the class functions from G to 0. We also denote by ZF(C,(u) 1 CG(U)~,, 0) 
the ideal of ZF(C,(u), LO) of the class functions vanishing outside of 
CG(~)p. (i.e., the @-elements in C,(u)). We denote by 
d”,‘: ZF(G, 0) -+ ZF(C,(u)l C,(u),,, 0) 
the map defined by eG(x)@) = x( us) for any s E CG (u),, and any 
x E ZF(G, 0) and by 
eUsG: ZF(C,(u)l C,(u),,, 0) -+ ZF(G, 0) 
the map defined by (d”,G(X), d)cc(Uj = (2, eU,G(4))G for any x E ZF(G, 0) and 
any $ E ZF(CG(U) I C,(u),,, 0). 
LEMMA 4.3. For a B-Brauer pair (Q, f) let (R, g) be a B-Brauer pair 
such that (Q, f) c (R, g) and R = Q (IA ) for some u in Co(Q). Then for any 
p-element u’ in C,(Q) and any PI-element s’ in Co(Q) n C, (u’), 
Proof: We may assume that g is a p-nilpotent block in Co(R) and that 
is the unique irreducible Brauer character in g. For any 
fZii-(CG(Q)) we have by definition 
Cl, e U,CG(P)(~(R,g)))CG(Q) 
= (&Cc(Q) 
(c)y &R, dCdQ)n C,(u) 
Then 
e”~CG’Q)(qb(R,g,)(u’s’) =& 1 4L 4 #(R,g)) t(U’S’). 
i~Irr(Cc(Q)) 
Note that by the orthogonality relations among generalized decomposition 
numbers 
c 4L u, 4(R,g)) 4L u’, 4) = PI or 0, 
i E Irr(GAQ)) 
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and this is ID1 if and only if u’~ = u and 4’ = q5(R,g) for some y E C,(Q). 
Hence the result follows. m 
LEMMA 4.4. We have 
where u runs over the set of p-elements in Co(Q), R = Q(u), and g runs 
over the set of blocks of Co(R) such that (Q, f) c (R, g). As in (4.1) if there 
is no such g, we mean that the right-hand side of (4.2) is zero. 
ProoJ First we remark that if U’ = uy for some y E C,(Q), then setting 
g’ = gy we have 
&(Q(u’>, g’) ‘I(Q<u’>,g’)b’) eU”CG(Q’(~(Q<u’>,g’)) 
= ~Q(u>, g) ~(Q<u>,~)@) eU.CG(Q)(#cQ<u>,g)). 
Then the right-hand side of (4.2) becomes 
c’ c4R g) vtR, gj(u) euqcc(Q)(4(R, gj)9 
u g 
where u runs over a complete set of representatives of conjugacy classes of 
p-elements in C,(Q) and g runs over the same set as the statement. Then 
by Lemma 4.3, (4.2) holds. 1 
LEMMA 4.5. For a B-Brauer pair (Q, f) let (R, g) be a B-Brauer pair 
such that (Q, f)c (R, g) and R= Q(u) for some u in Co(Q). Then 
Indc,,(Q, te U3CG(Q)(4(R,gJ) = e”,G(Ind~~‘;l:(~(,g,)). (4.3) 
Proof. By the definitions of e”TG, eUScc(Q) and by Frobenius reciprocity 
we have for any x E Irr(G), 
(x, the left-hand side of (4-3))G= (dwG(x)l CG(Rj, #(R,gj)CG(RJ 
= (x, the right-hand side of (4.3))G. 1 
LEMMA 4.6. We have the identity 
where (Q, f) runs over a complete set of representatives of G-conjugacy 
chzs~e, of B-Brauer pairs such that Q is p-elementary abelian (so that IQ1 = 
P ). 
134 YOKO USAMI 
Proof First of all we remark that the right-hand side of (4.4) does not 
depend on the choice of a complete set of such representatives. Indeed for 
ZEG 
Replacing d,,,,,(q) by (4.2) and applying (4.3), the right-hand side of (4.4) 
becomes 
(;,, j& ( - 1 )dimcQ)~(“i”2’Q’) c ICGW c&(R, g) rl(,,,)(u) 
u g 
where (Q, f) runs over the set of B-Brauer pairs such that Q is p-elemen- 
tary abelian in the first sum, u runs over the set of p-elements in C,(Q) in 
the second sum, R = Q( u ), and g runs over the set of blocks of C,(R) 
such that (Q, f) = (4 g) in the third sum. Since v(~,~)( 1) = 0, we can 
exclude u = 1. Hence it becomes 
& 1 (-l)dimcQ’p(dim:Q’) /C,(R)/ E(R, g) v(R,~)(u) 
(Q.f,,(R,g).u 
x e”‘G(Ind~GGI”R:(~(R,g))), 
where ((Q,f), (R d9 1 u runs over the set of such trios fulfilling: Q is 
p-elementary abelian, R = Q(U) is abelian, u # 1, and (Q, f) c (R, g). 
(Notice that f is determined by Q and (R, g).) So it sulIices to prove now 
that for any fixed abelian p-group R and for any fixed u E R - ( 1 }, we have 
0 = C ( _ 1 pm(Q) p(di”Z(Q’) , 
9 
where Q runs over the set of p-elementary abelian subgroups of R such 
that Q(U) = R. This is a trivial computation. fi 
Now we are ready to go to Steps II and III. 
LEMMA 4.7 (Step II). The class function d(q) is a (Lo n Q)-generalized 
character. 
Proof: Let (Q, f) be a B-Brauer pair such that Q is elementary abelian. 
Set dim(Q)=n. Since No(Q,f)/C,(Q) is isomorphic to some subgroup of 
the general linear group of an n-dimensional vector space over the prime 
field with characteristic p, we have 
INc(Q,f):c,(Q)I,~P”‘, 
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where the left-hand side is the p-part of INJQ, f):C,(Q)I. Note that d(q) 
appears with coefficient one in (4.4). Then from (4.4) and Step I, the asser- 
tion follows. i 
LEMMA 4.8 (Step III). The class function IGl,,d(q) is a linear com- 
bination of irreducible characters in B and its coefficients are algebraic 
integers. 
Proof By (4.2) 
where u runs over a complete set of representatives of conjugacy classes of 
p-elements in G and g runs over the blocks of C,(u) such that (u, g) is a 
B-Brauer element. Then it suffices to prove that IGI, e”,G(4,U,g)) is a linear 
combination of irreducible characters in B and its coefficients are algebraic 
integers. For any irreducible character x we have as in the proof of 
Lemma 4.3 
By Brauer’s Second Main Theorem this is nonzero only when x is in gG 
(= B). Thus the assertion follows. 1 
5. REMAINING PART OF THE PROOF OF THEOREM 1.3 
First we deal with Case 3 in Step I in Section 4. Since we want to apply 
induction to G/Q, we need some general lemmas to investigate the relation 
between the blocks of G and those of G/Q. 
LEMMA 5.1. Let B be a block of G with abelian defect groups and R a 
p-subgroup contained in a defect group of B. Suppose H is a subgroup such 
that C,(R) Q HcNo(R) and IH:Co(R)I is a power of p. 
(i) Suppose g is a block of H and g is a block of C,(R). Then 2 
covers g if and only if g = gH. 
(ii) Set 
and 
W = {blocks g of Cc(R) I gG = B}. 
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Then the map sending g to the set of the blocks of Co(R) covered by g 
defines a one to one correspondence between d and the set of all the 
H-conjugacy classes of 3?‘. Furthermore, the H-conjugacy class which 
corresponds to g, consists of all the blocks g such that gH = g. 
(iii) For any g in ?Z, the inertial group of g in H is equal to C,(R). 
(iv) For any g in 99, the map sending 0 to OH defines a one to one 
correspondence between the sets of all irreducible characters (resp. irreducible 
Brauer characters) in g and gH. 
Proof For (i) note that each defect group of 2 contains R and then 2 is 
regular with respect to C,(R) by Lemma 3.9 in V [9]. Then by Lemma 3.7 
in V [9], (i) holds. 
If a block g of CG (R) is covered by g E &, then gH = S: by (i), so gG = B 
and g E g. By Lemma 2.3 in [9, V] the blocks of C,(R) covered by g form 
a family of blocks conjugate in H. On the other hand, if g E g’, then gH can 
be defined and gH E d. Hence the map has the required property. The last 
assertion in (ii) also follows from (i). Hence (ii) holds. 
From Fong’s theorem (Theorem 3.14 in [9, V]), (iii) follows since 2 in 
d has a defect group contained in Co(R) (which is also a defect group of 
B). From (iii) and Reynolds and Fong’s theorem (Theorem 2.5 in [9, V]), 
(iv) follows. 1 
LEMMA 5.2. Suppose G = Cc(Q) for a p-subgroup Q of G. Set G = G/Q. 
Then the following hold. 
(i) There is a one to one correspondence between the sets of 
PI-elements (resp. conjugacy classes of p’-elements) in G and G. 
(ii) The inclusion DC B (which means Irr(@ c Irr(B)) defines a one to 
one correspondence from the set of all the blocks of G onto the set of all the 
blocks of G. If D is a defect group of B, then b = D/Q is a defect group of B. 
(iii) Zf B c B as in (ii), the central characters corresponding to B and B 
coincide on each conjugacy class of p’-elements. 
(iv) Suppose that H is a subgroup of G containing Q. Zf 6 and b are 
blocks of R ( = H/Q) and H such that 6 c b, and 6” and bG are defined, then 
6” c 6’. 
Proof: Clearly (i) holds. See Lemma4.5 in V[9] for (ii). Construct the 
central character from a common irreducible character in B and B. Then 
(iii) follows from (i). From (iii) and the definitions of bG and 6G, (iv) 
follows. m 
LEMMA 5.3 (cf. Theorem 1.5 [ 111). Suppose G = Co(Q) for a p-sub- 
group Q of G. Set G= GJQ andfollow the bar convention. Let R be a p-sub- 
P-BLOCKS WITH ABELIAN DEFECT GROUPS 137 
group containing Q, B ( = f) a block of G with an abelian defect group D, 
and b a root of B in Co(D). Then the following hold. 
(i) We have Co(R) 4 Co(R) and ICo(R):C,(R)I is a power of p. 
(ii) Suppose that (Q, f) c (R, g). Let H be the reciprocal image of 
Co(R) in G. Then (1, B) c (R, g”). 
(iii) Let H be the reciprocal image of Co(D) in G. Then bH is a root of 
B in G and we have 
N,(D, b) . H= No@, p) and N&b, bH)/C,@) z N,(D, b)/&-(D). 
(5.1) 
Proof Let Z E C,(R) and h E CG (R). We prove that z- ‘hz centralizes 
any element rE R. Set zrz-’ =rq for qEQ. Then z-‘hh’zrz-‘hz= 
zz’h - ‘rqhz = z ~ ‘rqz = r. Hence C, (R) 4 Cc(w). Let ti be a p’-element in 
C,(R). We will prove that h E Co(R). By Lemma 5.2(i) we can assume that 
h is a p’-element. Then rhr-’ E hQ and [h, r] must be 1, since rhr-’ is a 
p’-element. Hence jCG(a): C, (R)I is a power of p and (i) holds. 
For (ii) we consider H in Lemma 52(iv). Since gG = f (= B), we have 
(g”)“=J: Since gH is a block of C,(K), (p)” can be defined. Hence 
B 1 B = (g”)G and (ii) holds. 
By (ii) for D inplace of R, bH is a root of B. First we prove that 
N&D, b) c NG(d, bn). Clearly N,(D) = N&b). Suppose z E N&D, b) and 
[E Irr(bH) such that there exists an irreducuble character in b which is a 
constituent of 5 1 cc(DJ. Then O#i(6)=[(6’-‘)=c’(6). Since b” is the 
unique block which covers b by Lemma 51(i), [’ E bn and so (bH)’ = bH. 
Now we claim that 
N&d, bH) c N,(D, b) . H. 
Suppose ZG NG(B, bH). Clearly z E N,(D). Since (bH)’ =bH, we have 
(bn)‘= bH. Since (bH)’ covers b’, by Lemma 5.l(ii) we get b’= bh for some 
h E H c N,(D). Hence zhh’ E No(D, b) and the claim and the first assertion 
of (5.1) hold. The last assertion of (5.1) follows easily from the first asser- 
tion of (5.1) and Lemma 5.1 (iii). Hence (iii) holds. 1 
LEMMA 5.4. Let B be a block of G with an abelian defect group D and 
follow the notation of Theorem 1.3. Let (Q, f) be a B-Brauer pair such 
that (Q,f)c(D,b) and QcD, ((Q,f) may be (LB) here). Suppose 
Co(Q) = G. Zf AcQ,f,(q) is a generalized character of G in f for some 
n E r,( D, M E, 1 ), then for any p E Irr( Dl ) which we also regard as a linear 
character of D, we have 
Awj(w) = Aw,(v) * P 
and this is a generalized character of G in f = B. 
(5.2) 
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Proof: Since C,(Q) = G we have f = B. Now it s&ices to prove (5.2), 
since p is (G, b)-stable and Theorem 2.3 guarantees the last statement. Let 
u be a p-element in G and s a p’-element in C,(U). Then 
where R = Q(U) and g is a block of C,(U) such that (u, g) is an f-Brauer 
element. Hence 
AcQ,r,(?)‘“‘g’(~~)=~(R, g) I~(R,,)(u) t&g+) 
and we may set 
A(Q,f,(~)= c A ( 
u, 
g) (QJ-, (q)(“‘g)) 
where (u, g) runs over a complete set of representatives of G-conjugacy 
classes of f-Brauer elements contained in (D, b). On the other hand 
A(Q,f)(‘ld = 1 A(Q,f)(~)(“‘g)~(,,g)(u) 
cu. g) 
= c A(Q.,)(?)'"~g'~c(uh 
cu. g) 
where (u, g) runs over the same set. Hence (5.2) holds. 1 
Now we are ready to treat Case 3 in Step I. We assume that (Q, f) is 
a B-Brauer pair such that (Q, f) c (D, b) and 1 # Q c D, and that 
G = C,(Q). Notice that any character in f K(D XI E, Dl) is a Z-linear com- 
bination of products of an element of I’,(D, >a E, 1) and an irreducible 
character of D,. Hence by Lemma 5.4 it suffices to prove that for any 
q E rK(D2 ME, l), AcQ,fj(q) is a generalized character of G in J: Let H 
be the reciprocal image of C,(a). Note that Q c D, and therefore by 
Lemma 5.3(iii) there exists f in T,(D, )(I (ZVG(D, bH)/C&)); 1) c 
r,(b >a (N&d, b”)/C,(@), a,) which we may identify with q. The only 
thing we must do is to show that A (Q,~)(v)=A(I,B)(VL from which we 
obtain the required assertion applying induction to G. 
Suppose R = Q( u ) for a p-element u in G. If (Q, f) c (R, g) and H’ is 
the reciprocal image of C,(a), there is a one to one correspondence 
between {blocks d of H’ 1 gG = B} and 
by Lemma 52(iv), since C,(R) c H’ c NG (R) and gG can be defined for 
any block 2 of H’. Let z E G and Hz be the reciprocal image of Cc@‘) in 
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G. Then quite similarly to the above case there is a one to one correspond- 
ence between {blocks 8 of Hz 16” = B} and 
Hence by Lemma 5.3(i) and Lemma 5.l(ii) the map sending (R, g) to 
(R, g”‘) defines a one to one correspondence between all the H’-conjugacy 
classes of elements of {(R, g) I (Q, f) c (R, g)} and &i. Similarly the map 
sending (D’, b’) to (a’, (b’)Hz) defines a one to one correspondence 
F;ty)e; al: t: Hz-conjugacy classes of elements of {(D’, b’) 1 (Q, f) c 
3 ‘an *. 
LEMMA 5.5. In Case 3 set R = Q (u ) for a p-element u in G. 
(i) Let z E G. The above map sending (R, g) to (1, p) defines a one 
to one correspondence between all the H’-conjugacy classes of elements of 
W g)I(Q,f,=VG g)=UAb)' and R q? Df for some ZEG) and 
((U, g)l(l, B)c(U, g))c(D’, (b’)H’) and ii#& for some ZEG}. 
(ii) For any PI-element s in C,(R), we have 
~(Q,,,(e4 = ~(l,B)(~)(~~). 
Proof: If (R, g) satisfies the condition (Q, f) c (R, g) c (D, b)‘, then 
(b’)W’= g, gH’ = (b’)H’ = ((b’)Hz)H’ by Lemma 9.2 in [9, III] and then 
by Lemma 5.2(iv) ((b’)W)c~‘K’ = gH’. Then such (R, g) correspondes to 
(U, g”‘) satisfying (1, B) c (U, g”‘) c (P, (b”)W). On the other hand, sup- 
pose (1, B) c (17, b) c (Bi, (b’)Hz). Then R c D’ and (b’)CG’R’ and ((b’)fl)H 
can be defined by Lemma 9.2 in [9, III]. Thus g = ((b’)“)H’ by Lem- 
ma 5.2(iv) and we may choose g= (b’)CG’R’ so that g= gW and (Q, f) c 
(R, g) c (D, 6)‘. Moreover, R u? D; if and only if U$ a;. Hence (i) holds. 
Now to prove (ii) it suffices to consider only the case where g is a block 
of CG (R) satisfying (Q, f) c (R, g) c (D, b)” and R & Df for some z E G. 
(In this case at the same time the block gH’ of C,(U) satisfies the condition 
that (1, B) c (ii, g”‘) c (D’, (b’)H’) and U# D’.) Notice that such a block g 
(resp. 7) is a p-nilpotent block. 
By Lemma 5.l(iv), $$,,, is the unique irreducible Brauer character in 
H’ and so it is in gH’. By a consequence of Mackey decomposition 
&orollary 2.11 in [9, II]) and by Lemma S.l(iii) we have 
(5.3) 
where h’ runs over a cross section of C,(R) in H’. 
By Lemma 5.3(i) and Lemma 5.l(iv) applied to D’ instead of R, 
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similarly (d(Dz,blI )H’ is the unique irreducible Brauer character in (b’)H’ and’ 
so it is in (b”)H’. Then by (1.1) and (5.3) we obtain 
E( R, g) = &( R, g”‘). 
Since ( gh’)H’ = g”’ for any h’ E H’, we have 
E( R, g) = E( i?, g”‘) = E( R, g”‘). 
We also have 
where g runs over a complete set of representatives of H’-conjugacy classes 
of blocks of C,(R) such that (Q, f) c (R, g), and h’ runs over a cross 
section of C,(R) in H’. Hence (ii) holds. 1 
This completes the proof of Theorem 1.3(i). 
Proof of Theorem 1.3(ii). Let q, $ E rK(D M E, D, ). Ljet u be a p- 
element in G such that there exists some E-Brauer element (u, g). For any 
pair of B-Brauer elements (u, g) and (u, g’) we have 




if g = g’ and 4(y, g) # 0 (i.e., g is p-nilpotent) 
0 otherwise, 
and then 
c C44 g) V(u,,,(U) 4hg,(d c 4UT g’) 1Lg’,(4 4u.g’)(S) 
s g g’ 
ICG(U)l =-~c(u,g,wr;u,p)o, IDI g 
where s runs over the set of p’-elements in C, (u) and g (resp. g’) runs over 
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the set of blocks of C,(U) such that (l,B)c((u),g) (resp.(l,B)c 
t(u), g’)). Then 
; /wfl.o~ 
u, E 
where F means the set in Lemma 2.2. 
Now we may consider only the elements u in D-D,, since 
r] E T&D x E, 0,). Hence 
Hence Theorem 1.3(ii) holds. 
6. A PROOF OF THE MAIN THEOREM 
First we assume only that D, x E = F is a Frobenius group. Set 
T=Irr(F)-Irr(E) and t= ITI. 
LEMMA 6.1. With the same notation as the main theorem, 
r,( D XI E, D I ) is generated by 
{4pE-i)l~~WDI), ie T), 
where pE is the regular character of E. 
Proof: Obvious. 1 
The following proposition guarantees that any irreducible character in B 
appears in d(lz(p,- [)) for some Iz E Irr(D,) and some c E T. 
PROPOSITION 6.2. Define 




(4v), ido Z 0 for any x E Irr(B). 
ProoJ The former part is clear. To prove the latter part we first 
calculate 
for a fixed B-Brauer element (u, g) contained in (D, b). We remark that we 
must consider only the case where u E D, - { 1 }, since otherwise this inner 
product is 0. Note that in this case 
and therefore 
=h IG:C, (u)l 1 d(x, u, &,,g,)4(,,g,(s) IDI E(U, g) &,,gj(s) 
SE CGCU),, 
= lG:C,(u)l4~, ~3 4cu,g,) 4c,,g,(1). IG~u):DI~u, g) ~(1) 
x(1) h,,,(l) 
.m PI. 
On the other hand by (2.1) 
lG:C,(u)l 4s ~3 4cu,g,) 4(,.,,(l) 
x(l) 
= lN,(D, b):N,(D, b)n CG(u)I = IN,(D, b):C,(D)I & 0 (mod 9’) 
and by (1.1) 
IG @):DI 4~9 g) = IC,(D):Dl f o 
h4,,,(l) - b,b)(l) 
(mod 9). 
Then by the above remark considering only representatives of E-conjugacy 
classes of Dz - 1, 
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where h is the height of x. Then (x, d(q)), # 0. 1 
From now on we assume that e = [El = 2 or 3. Note that 
i--i’~r,v(D~E,D,) for any [, c’ E T. 
If t > 2, then by the well known Brauer-Suzuki argument about excep- 
tional characters (Theorem 5.4 in [ 10, Chap. 4]), there exists a sign E = + 1 
and uniquely determined distinct irreducible characters Q, 5 E T, of.G such 
that 
4r - C’) = 4Xi - Xc,) for any i, 5’ E T. (6.1) 
Moreover, E is arbitrary if t = 2, while E is uniquely determined if t > 2. In 
order to determine the decomposition of A(p,- 5,) for a fixed [i E T, note 
that 
(A(p,- iI), EX~)~ = C( = constant) for each [E T- {l,}, (6.2) 
since 
(A(p,--i,),A(r--‘)),=O for any [, C’E T- {l,}. 
To determine k(B) and I(B) simultaneously we will apply (2.3) as follows. 
Ifu~D-D,,then1(6CG~“~)=1.If~~D,-{1}andC,(u)#G,thenwecan 
apply induction to the block bCG@) and we obtain l(bCG(“)) =e. If 
u ED, - { 1 } and C,(U) = G, by Lemma 53(iii) we can apply induction to 
the block bcG(“) of G/(u) and so I(6CG(U)) = I(bCG(“)) = e. Then from (2.3) we 
obtain 
k(B)=1(B)+(ID,I-l)e+tlD,I. (6.3) 
PROPOSITION 6.3. Suppose 
A@,-C-r)= c Ee;X<-EXr for any c E T, (6.4) 
c E h(E) 
where all xc and xr are distinct irreducible characters and E, Ed = + 1 
(t E Irr(E)). Then the following hold. 
481/119/l-10 
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(i) We have 
A(p,;l-[A)= c ctxt( * A-&Xc *A for any i E T (6.5) 
r E h(E) 
and 
4 = { xe * 2, xc * A I C E Irr(E), i E T} 
is a set of distinct irreducible characters in B for any fixed il E Irr(D,). 
(ii) We have 
9* n 4, = 521 for any two distinct A, 1’ E Irr(D,), 
and the main theorem holds. 
(6.6) 
Proof: By Lemma 5.4, (i) holds. (Note that x * ;1 E Irr(B) if and only if 
XE Irr(B).) To prove the main theorem (iii), consider the values of 
A(p,- 0 on the p-section of 1. In case D, = 1, by ,Proposition 6.2 k(B) is 
already determined by (6.4) and I(B) = e by (6.3), so (ii) holds in this case. 
Now assume that D, # 1. Suppose (6.6) does not hold. First we remark 
that by (2.2), x * A # x for any x E Irr(B) and any nontrivial linear character 
A of D, . If x = 1’ * 1 for two distinct x, x’ E Irr( B), then x * 1’ = x’ * 21’ for 
any A’ E Irr( D, ) and therefore, 
k(B)<(e+t-1) ID,l. (6.7) 
From (6.3) and (6.7) we obtain ID,1 < 2, a contradiction, since p # 2. 
Hence (6.6) holds. Now from (6.6) we obtain k(B) = (e+ t) ID, 1 and 
consequently I(B) = e by (6.3). Hence the main theorem also holds in this 
case. 1 
By Proposition 6.3 it suffices to show that (6.4) holds. 
First suppose t > e + 2. Since 
(&-II), 4pE-iI))G=e+ 1 Gt- 1, 
and 
c in (6.2) must be 0. On the other hand for any [E T- {cl}, 
l=(A(p,--,),A(i-51))0 
=(&E-I,), ai-a&= (0,-l,), -a& 
Hence by (6.1), in this case (6.4) holds. 
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Now suppose t = e + 1. Here we are only treating two cases : 
(i) e=2, t=3, ID,1 =7 
(ii) e= 3, t=4, ID,1 = 13. 
If c in (6.2) is 0, then we obtain (6.4) arguing as above. If c # 0 and (6.4) 
does not hold, then by (6.2) we have 
4PE-rl)=E c Xr -&X1 (6.8) i~T-{(il) 
for some x1 E Irr(Z3) - {xr 1 i E T}, since 
(d(p,--i,),&(XC,-Xr))G= -1 for any CE T- {cl}. 
We remark that sxZ. is equal to EX*, on the @-elements by (6.1) and &x1 is 
equa1 to & ccE T-  {r]} xc on the PI-elements by (6.8). If D, = 1, by 
Proposition 6.2 considering the cardinal of a basic set of B, we get I(B) = 1, 
which contradicts Dade’s result on blocks with cyclic defect groups [S]. 
Suppose D1 # 1. By (6.3) and Proposition 6.2 
which means 51011--1<410,~ in (i) and 7~01~--26510,1 in (ii), a 
contradiction. Hence (6.4) holds again. 
Now we may assume t < e < 3. If t = 3, then 1 D2 I- 1 = 9, a contradic- 
tion. Hence the remaining case is t = 2 or 1. In this case by an easy 
calculation we can show that (6.4) holds. This completes the proof. 
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